We present a novel mathematical formalism that allows to easily compute the expected kinetic Sunyaev Zeldovich (kSZ) signal in intensity and polarization due to an anisotropic primordial Cosmic Microwave Background (CMB). We derive the expected intensity and polarization distortions in the direction of non-moving galaxy clusters and then we generalize our calculations for non-zero peculiar velocity. We show that, in the direction of moving clusters, low CMB multipoles impose intensity and polarization spectral distortions with different frequency dependences. The polarization signal primarily probes the quadrupole moment of the CMB, with a significant contribution from the primordial dipole and octupole moments. For a typical cluster velocity of 1000 km/s, corrections to the quadrupole-induced polarization of a non-moving cluster are of the order of 2-10% between 200-600 GHz, and depend on cluster's position on the sky, velocity magnitude and direction of motion. We also find that the angular dependence of the signal varies with frequency of observation. The distinct frequency and angular dependences of the polarization induced by the primordial dipole and octupole can be exploited to measure them despite other physical effects and foregrounds. Contrary to polarization, intensity distortions are affected by all the CMB multipoles, so they cannot be readily used to probe the low multipoles at higher redshifts. However, correlations between intensity and polarization signals, can be used to enhance the signal to noise ratio for the measurements of the primordial dipole, quadrupole and octupole. The more general calculation of the aberration kernel presented in this work has applications reaching beyond the SZ cluster science addressed here. For example, it can be exploited to the deboost/deaberrate CMB multipoles as observed in our local frame.
I. INTRODUCTION
Intensity and polarization distortions of the Cosmic Microwave Background (CMB), induced in the direction of moving galaxy clusters, probe the peculiar velocity of galaxy clusters at higher redshifts. These distortions known as the intensity and polarization kinetic Sunyaev Zeldovich (kSZ) effects, are usually calculated assuming an isotropic incoming CMB towards moving clusters. Therefore, they do not completely reflect the contribution of the anisotropies to the observed signal. In an isotropic CMB model, the kSZ Intensity effect (kSZIn) [1] [2] [3] probes the radial component of the cluster's peculiar velocity while the kSZ Polarization effect (kSZPol) [1, [4] [5] [6] [7] [8] [9] probes the transverse component. Since both effects are induced by the motion of cluster, they vanish in the direction of non-moving clusters.
It has been shown that for non-moving galaxy clusters, the polarization-induced signal is proportional to the quadrupole moment ( = 2) of the CMB observed at the cluster's location [10] [11] [12] [13] [14] [15] [16] [17] [18] . Measuring this Temperature Induced Polarization (TinPol) component can be used to infer the quadrupole moment of the CMB * yasini@usc.edu † pierpaol@usc.edu anisotropies at higher redshifts and reduce cosmic variance for this mode [19, 20] . Independent measurements of the quadrupole moment can also potentially explain the low measured value of our local quadrupole compared to theory [21] [22] [23] . By detailed calculation of the TinPol effect, we will show that in the direction of a moving cluster, the quadrupole is not the only mode that is reflected through the induced polarization distortion; all the other low multipoles of the CMB will have a contribution to the polarization signal with different frequency weights. In this paper we mainly focus on the contribution of the primordial octupole ( = 3) and dipole ( = 1) to the total induced polarization signal and we investigate the possibility of their measurement at higher redshifts. Aside from the issue of cosmic variance, finding the octupole moment at higher redshifts can help us determine if the apparent alignment between the quadrupole and octupole along the cosmic "axis of evil" [16, [23] [24] [25] is just coincidental or if there is a fundamental reason for it that can be explained by physical laws. Also, the primordial dipole moment of the CMB at our location is overshadowed by the dipole generated by our motion in the CMB rest frame, therefore looking for it at the other locations in the universe would be a natural alternative to measure it.
The polarization distortion induced by the CMB anisotropies is a result of their Doppler and aberration leakage into the quadrupole moment observed by the moving cluster. In order to calculate this leakage we use the aberration kernel formalism [26] [27] [28] [29] [30] [31] [32] [33] [34] , however, we generalize it by including the frequency dependence of the multipoles (which is typically either neglected or integrated over) and by allowing for a general peculiar velocity direction for the moving frame (which in previous works is always taken to be in theẑ direction). These generalizations will reveal an interconnection between the direction of motion of the cluster and the frequency function of the observed signal which would have been concealed otherwise. We will also briefly discuss how the generalized aberration kernel can be employed in the local frame to deboost and deaberrate the observed CMB multipoles.
Since the leakage of the low multipoles into the quadrupole is due to the motion of the cluster, naturally its induced polarization signal is proportional to the cluster's peculiar velocity β = v/c. The leakage of the quadrupole's first neighbors, the dipole and the octupole, is proportional to β, and that of its second neighbors, the monopole ( = 0) and hexadecapole ( = 4) to β 2 , and so on. In the absence of temperature anisotropies our calculations naturally reduce to the kSZPol effect, which can be interpreted as the leakage of the CMB monopole into the quadrupole. Even though this effect is proportional to β 2 , the monopole is larger than the other low multipoles by a factor of ∼ 10 5 and consequently its induced polarization is the dominant effect for clusters with large peculiar velocities. Therefore, measurement of the polarization induced by the low multipoles requires identification and subtraction of the kSZ polarization in the direction of the cluster. Since the frequency dependence of the kSZ is different from the other low multipole-induced polarization signals, they can be easily separated in a multi-frequency survey.
Apart from the kSZ polarization signal, the largest contribution to the TinPol after the quadrupole is due to the dipole and octupole. Since the leakage of these modes into the quadrupole is proportional to β, their polarization signals are expected to be relatively small. However we will show that the large frequency weights of the Doppler leakage of these modes amplify their induced polarization signals and even make them dominant over the quadrupole-induced polarization at high frequencies (ν 400 GHz). Furthermore, the amplitude of the quadrupole-induced polarization varies over the sky, independently of the peculiar velocities of the clusters, and vanishes in four different directions [10, 11, 35] . Therefore in the areas around these four directions, where this signal is small, the primary source of polarization in the TinPol would be due to the dipole and octupole moments.
The low multipoles also induce a change in the intensity of the CMB observed in the direction of a galaxy cluster. This distortion, known as the blurring Sunyaev Zedovich effect (bSZ) [36] , is present even in the direction of a non-moving cluster and is caused by scattering of the CMB photons out of the observer's line of sight. We will calculate this effect for an anisotropic CMB radiation, with corrections due to the motion of the cluster. For a moving cluster, the dipole moment of the bSZ effect will give us the well known kSZIn effect. We will refer to the quadrupole moment of bSZ effect as the Temperature-Induced Intensity (TinIn) and show that its celestial distribution is highly correlated with the TinPol signal. There is also a strong correlation between the TinIn/TinPol effects at low redshifts and the local quadrupole moment of CMB observed at z = 0, which can be exploited to enhance these signals.
The thermal Sunyaev Zeldovich effect (tSZ) [37] also induces an intensity and polarization distortion in the direction of the galaxy cluster. The tSZ intensity effect is typically much larger than its motion-induced counterpart, the kSZ intensity effect, and it has been measured for over a thousand galaxy clusters by the Planck satellite [38] as well as the ACT [39] and SPT-SZ [40] experiments. Both effects are proportional to the temperature monopole of the CMB and therefore are much larger than the low multipole-induced intensity effects. The tSZ polarization effect on the other hand, is sub-dominant to the kSZ polarization effect and hence comparable to the low multipole-induced polarization signals [11] . Nevertheless, for the sake of simplicity we neglect the thermal effects throughout the calculations based on the assumption that they can be separated due to their distinct frequency functions. Since both tSZ intensity and polarization are proportional to the dimensionless temperature of the cluster θ e = kT e /m e c 2 , corrections due to these effects can be treated perturbatively and simply added to the results of our calculations to first order in θ e . kSZIn and kSZPol were first introduced in Refs. [4] and [1] . The TinPol effect was first suggested by Ref. [19] as a probe of the quadrupole mode at higher redshifts and has been examined in [7, 10-13, 15, 17] . Corrections due to thermal motion and relativistic effects in the absence of anisotropies have been studied in detail in Refs. [2, 3, 6, 17] . Our calculations include all of the above (except for the thermal effects) and extend the results to an anisotropic CMB model. The outline of the paper is as follows: In §II we derive the change in the intensity and polarization of the CMB in the direction of a non-moving cluster, induced by the primordial temperature anisotropies. In §III we generalize the results for the case of a moving cluster, and show how the low multipoles of the CMB other than the quadrupole will contribute to the signal. We end with summary and conclusions in §IV The CMB rest frame coordinate system (X,Ŷ,Ẑ) is setup with theẐ pointing towards the galactic north pole and X towards the galactic center. The cluster's frame (x,ŷ,ẑ) is centered at the location of the cluster P and initially aligned with the CMB rest frame.γ andγ are respectively the line of sight vector of the observers at O and P .
II. NON-MOVING GALAXY CLUSTER

A. Geometry of the Problem and Notation
For convenience we setup a coordinate system (X,Ŷ,Ẑ) centered at the location of the observer O, with theẐ andX respectively pointing towards the north galactic pole and the galactic center. We indicate the angular coordinates of the center of the cluster P at distance r from the origin O, with a line of sight vector γ = (θ, φ). The relationship between these angles and the galactic coordinates in radians is (l, b) = (φ, π/2 − θ). We set up the cluster's rest frame (x,ŷ,ẑ) at P and initially align it with the observer's coordinate system (see figure 1 ). Throughout the calculations we keep the orientation of the observer's coordinate system (X,Ŷ,Ẑ) fixed and apply the rotations and boosts only to the cluster's frame (x,ŷ,ẑ). The line of sight vector of the cluster will be denoted byγ = (θ , φ ). The actual propagation vectors of the incoming photons towards the cluster P and the outgoing ones towards the observer at O are respectively −γ and −γ . In the paper h, k and c denote the Planck's constant, Boltzmann's constant and the speed of light. We also use . A list of all the abbreviations used in the paper is provided in table I (appendix C).
B. Intensity and Polarization Induced by a
Non-moving Cluster
The Radiative Transfer Equation
The specific intensity and polarization of the CMB are commonly described using the set of Stokes parameters (I ν , Q ν , U ν ) [41] . The change in these parameters due to Thomson scattering with the electrons in the cluster is conveniently expressed in terms of the radiative transfer equation [42] 
where θ sc and φ sc are the polar and azimuthal angles of scattering betweenγ andγ , and τ = n e σ T ds is the optical depth of the cluster with respect to Thomson scattering. Here n e is the number density of the electrons, σ T is the Thomson cross section and s is the length of the cluster along the line of sight.
The thermal motion of the electrons (which causes the tSZ distortion) and multiple scattering effects [43, 44] are neglected to simplify the calculations. The scattering events are assumed to be elastic with no energy transfer between the electrons and photons. In the limit of cold clusters, since the scatterings do not change the bulk motion of the cluster, it is safe to use Thomson scattering [7] . For high temperature clusters, since the electrons upscatter the CMB photons, the elasticity assumption does not hold anymore and Compton scattering should be used instead [45] . The tSZ corrections in this limit are of the order of the perturbative parameter θ e ≡ kT e /m e c 2 ≈ 0.01 for a typical cluster, so if calculated, they can be linearly added to equations (1) and (2) . The initial polarization of the CMB is also neglected, but the polarization-induced effects also linearly couple to equations (1) and (2) , so the extra terms can be simply added at any point. It is important to mention that although the polarization-induced effects are typically smaller than the temperature-induced ones, due to their different spatial morphology they can be comparable or even dominant over them in certain directions over the sky.
In order to integrate the radiative transfer equations for an anisotropic incoming intensity with the harmonics expansion
we rewrite the integrand of equations (1) and (2) in terms of spin-weighted spherical harmonics using the generalized addition theorem [46] [47] [48] s Y s (θ sc , 0)e −isφsc = (−1)
After integrating over all the incoming photonsγ these equations simplify to
with each term defined as (8) and for = 2
The right hand side (RHS) of equation (8) is induced by the photons that scatter into the line of sight of the observer, while the RHS of equation (7) is a combination of the photons that scatter into and out of the line of sight. We refer to these terms as the TemperatureInduced Polarization (TinPol) and Temperature-Induced Intensity (TinIn) effects. Notice that both these effects depend on the quadrupole of the CMB as observed by the cluster and therefore are highly correlated with each other. Equation (9) is basically the harmonic expansion of the photons that scatter out of the line of sight. We will refer to these terms as the blurring Sunyaev Zeldovich effect (bSZ) [36] . Although the temperature quadrupole-induced intensity δI (2) ν is a combination of both in-scattered and out-scattered photons, since the frequency dependence of these scattering events are identical they are not distinguishable from each other. Therefore the overall effect is written as one single term, which we have called the TinIn effect. However, it is important to remember that the nature of this effect is different from the bSZ, which is only caused by out-scattering of the photons.
Note that the monopole term that survives the radiative transfer integral, has been canceled out with the monopole term of the bSZ expansion. This means that in a completely isotropic CMB model where all the a lm s for l > 0 vanish, ∆I ν (γ) and ∆(Q ν ±iU ν )(γ) will be equal to zero. This is because in an isotropic model the number of scatterings that deflect the photons towards and out of the line of sight are equal to each other. However it is evident from equations (7) and (8) that after including the anisotropies, the quadrupole moment of the incident radiation induces a change in the observed intensity and polarization of the CMB in the direction of the cluster γ. It is important to note that there is an implicit location/redshift dependence in all the a m s on the RHS of these equations. Therefore the TinIn and TinPol signals give us access to the observed quadrupole moment of the CMB at the redshift of the cluster z as first noticed in [19] .
Separating Frequency Dependence from Spatial Morphology
The specific intensity of the CMB has an almost perfect black body spectrum which can be described as I ν (γ ) = B ν (T (γ )) where B ν is the Planck function defined as B ν (T ) ≡ and T (γ ) is the thermodynamic temperature of the CMB in theγ direction. If we assume that the frequency spectrum of the CMB is isotropic (by negliecting anisotropic effects such as patchy reionization [49, 50] ), we only need a single number, namely the thermodynamic temperature of the blackbody T , and an appropriate frequency function (here the Planck Function B ν ) to describe the intensity of the CMB in every directionγ. Consequently the intensity multipole coefficients a I m (ν), can be expressed as the combination of a frequency function which describes the spectrum of the anisotropies, and the thermodynamic temperature multipole coefficients a T m defined as
Using the Planck frequency function it is easy to show that the relationship between these coefficients up to first order in temperature anisotropies is (see appendix A and
where
is the thermodynamic temperature of Using equations (11) in (7) and (8) will give us the advantage of separating the frequency dependence of the TinIn and TinPol signals from their spatial morphology over the sky, simply described by the a T m s. For a nonmoving cluster this separation is trivial, but in the case of a moving cluster it will help us to easily calculate the frequency weights of the leakage of the low multipoles into the quadrupole due to the Doppler effect. After substitution, equations (7) and (8) • , 0.4 • ) and (100.4
• , −0.5
and similarly for the bSZ terms (eq. (9))
where the a Tz m s are the harmonic coefficients of the temperature anisotropies of the CMB observed by the cluster at redshift z and T z is the average temperature at that redshift. As we will see in §III, the bSZ term δI (1) ν will give rise to the kSZ intensity distortion [1] .
Here, since the frequency dependence of these signals are the same as that of the CMB temperature anisotropies, we can also write the distortions in terms of the thermodynamic temperature defined as
as is common practice in tSZ and kSZ calculations. A similar conversion can be used for the polarization parameters Q T and U T as well. After plugging in equations (12)- (14) into (15), it would be evident that the thermodynamic temperature (and polarization) distortions induced by the quadrupole in the direction of non-moving clusters are not frequency-dependent. However, this is not the case for the distortions induced by the motion of the cluster. As will be shown later, due to the addition of the motion-induced effects, the total change in intensity and polarization will have a nontrivial frequency function that cannot be described by the blackbody spectrum anymore. Therefore, although equation (15) can be used to convert all the results in terms of temperature fluctuations, in order to see the complete frequency dependence of the signal and for the sake of conceptual clarity we refrain from using this conversion throughout the calculations.
In order to get an estimate of the amplitude of the TinPol and TinIn signals for non-moving clusters, we set the bSZ terms equal to zero and use the numerical values of the a T 2m s from the de-boosted Planck SMICA temerature map [52] as an estimate of the quadrupole moment that a galaxy clusters at z ≈ 0 would observe. The reader should keep in mind that at higher redshifts the amplitude and angular dependence of the signal will be different due to the change in a T 2m coefficients. However, this change is very small up to z ∼ 1 [18] so for close by clusters we expect the distortion maps to be highly correlated with the ones in figure 2 .
In actual observations, the intensity distortion map in the direction of galaxy clusters contains both TinIn and bSZ effects. Since these effects have the same frequency dependence, it is not easy to separate them without prior knowledge of the temperature anisotropies at higher redshifts. Therefore, the TinIn effect would not be directly observable as opposed to the TinPol. However, by looking at the definition of the TinIn effect in equation (12) and its angular distribution in figure 2, it is evident that at z = 0 this effect is equal to our local quadrupole rescaled by a factor of 0.9τ (compare with figure 17 of [22] ). Therefore, we expect the cluster intensity distortion map over the whole sky at low redshifts to be highly correlated with the local quadrupole observed at z = 0. This correlation can be used to amplify the TinIn signal and separate it from bSZ for clusters at low redshifts. Moreover, using the definition of the spin-2 spherical harmonics through [46, 53] 
with the operators ð ±2 defined as
it is easy to see that the ð ±2 derivative of the TinIn map in equation (12) is just a rescaling of the TinPol in (13) . Therefore the second derivative of the quadrupole moment of the intensity distortion map is strongly correlated with the polarization distortion map. Furthermore, since TinIn itself is correlated with the local quadrupole at low redshifts, the second derivative of the quadrupole map is also highly correlated with the TinPol. In other words the second derivative of the TinIn map at low redshifts (bottom panel of figure 2 ) and the local quadrupole, both reproduce a rescaled version of the TinPol map (top panel of figure 2 ) and can be used to enhance the signal to noise ratio for this effect.
III. MOVING GALAXY CLUSTER
We showed that the intensity and polarization-induced in the direction of a galaxy cluster are proportional to the quadrupole moment that the cluster observes in its location, so by measuring these induced signals we can infer the a Tz 2m s at that redshift. However if the cluster is moving, since equations (7) and (8) are not Lorentz invariant, the observed quadrupole moment in the cluster's frame -which sources the TinIn and TinPol signals-will not be equal to the primordial quadrupole moment in the CMB frame anymore. Hence, in order to correctly use these equations in the cluster's frame, we need to find the proper transformation that links the former to the latter.
Using the generalized aberration kernel formalism, we will show that the quadrupole moment observed in the moving cluster's frame is not only proportional to the primordial quadrupole in the CMB rest frame, but also to all the other low multipoles of the temperature anisotropies. We will see that the multipole moments observed in a moving frame have contributions from their nearby multipoles in the CMB rest frame as a result of the aberration and Doppler effects. The aberration effect is only a geometrical effect and does not change the frequency of the photons, therefore the aberration leakage of the multipoles into each other is frequency-independent. The Doppler effect, on the other hand, depends both the frequency and angle of the incoming photons, which makes the Doppler leakage of the multipoles into each other frequency-dependent. In a moving frame, the frequency spectrum of the CMB will still be that of a blackbody in every single direction, however, the spectrum of the multipoles will be distorted due to mixing of these blackbodies [51, 54] . Therefore, the combination of the Doppler and aberration effects changes the frequency spectrum of the observed multipole coefficients in the frame of the moving cluster. This frequency dependence is always concealed in calculations of the kernel of the transformation between the two frames, because they are typically carried out in terms of the temperature coefficients a [26, 27, 29, 30] . Using the frequency-dependent intensity coefficients, however, we will find the frequency functions with which different multipoles leak into each other. These frequency functions will allow us to distinguish different multipole-induced effects from one another in a multi-frequency survey.
In this section, first we calculate the general expression for the observed intensity multipole coefficients a
Ic m
in the frame of a cluster moving in an arbitrary direction, as a function of the primordial a I m s in the CMB rest frame. Then we will show that the quadrupole observed by the cluster, which is the only mode that is reflected through the TinIn and TinPol signals, will have contributions from the primordial dipole, quadrupole, octupole, hexadecapole etc. with different frequency functions. Therefore all these low multipoles are observable through the intensity and polarization signals induced in the direction of the cluster (equations (7) and (8)). Since the frequency weights of the Doppler leakage of the low multipoles into the quadrupole are related to the higher order derivatives of the blackbody frequency spectrum, they will amplify the overall TinIn and TinPol signals (see appendix A).
There is also a leakage from the temperature monopole into the quadrupole which leads to the kSZ intensity and polarization effects. Due to the large amplitude of the monopole relative to the anisotropies, its induced intensity and polarization signals are typically larger than the ones induced by the other low multipoles. However, since the frequency dependence of these effects are not the same, we may be able to distinguish them from each other. We avoid any frequency integrations over the a I m s throughout the calculations to show this feature clearly. We will also do a comparison between kSZ and the low multipole-induced intensity and polarization effects. In the following section the subscript c corresponds to variables in the cluster's frame.
A. CMB Intensity Observed by a Moving Cluster
In order to calculate the multipole coefficients a coefficients in the CMB rest frame we take advantage of the Lorentz invariance of the quantity I ν /ν 3 to relate the intensities in the different frames. For a cluster that is moving with the peculiar velocity vector v pec = βc in the CMB rest frame (X,Ŷ,Ẑ), the observed intensity in γ c = (θ c , φ c ) direction at frequency ν c can be written as [26, 42] 
Here ν cmb andγ cmb are the frequency and the line of sight vector of the incoming photon in the CMB rest frame. The observed frequency and direction vector observed in the Lorentz boosted cluster frame (x,ŷ,ẑ) are given by
Here µ =γ cmb .β, β = | β| andβ = β/β which can be denoted as (θ β , φ β ) in the CMB frame. Using the spherical harmonic expansion of equation (3) on both sides of equation (18), we write the multipole coefficients observed in the cluster's frame a Ic m (ν c ), in terms of the coefficients in the CMB rest frame a
This expression relates the harmonic coefficients of the observed multipoles in the two frames, so we can use it to find the quadrupole in the cluster's frame a Ic 2m in terms of all the primordial a I m s in the CMB rest frame. In the next two subsections we use the inverse of equations (19) and (20) to expand a I m (ν cmb ) and Y m (γ cmb ) in terms of their cluster frame counterparts so that we can integrate the RHS of this expression.
Doppler effect
For typical values of β the Doppler shift in equation (19) is small. This allows us to use the following Taylor expansion:
. (22) where the differential operators D 
νc only changes the argument of its following function from ν to ν c and is defined for consistency in notation. In this equation, since the Doppler factor (ν c /ν cmb ) 3 only depends on powers of µ c =γ c .β, we have written the expansion in terms of Legendre polynomials and separated theγ c and β dependence using the addition theorem
Equation (22) The angle dependence of this expansion is due to the fact that the ratio of the observed frequencies in each frame depends on the observation angle. To first order in β the Doppler factor (ν c /ν cmb ) 3 only depends on the cosine of the angle between the incoming photons and the direction of motion of the cluster so it will distort the th multipole in the moving frame by a factor of µ c = P 1 (γ c .β). Therefore it is maximal when the line of sight is parallel to the direction of motion and is zero when it is perpendicular, as there is no Doppler shift to first order in β in these directions. It is evident from equation (22) that the Doppler effect distorts both the frequency spectrum of the observed multipoles (frequency leakage), and their angular spectrum (geometrical leakage). Keep in mind that the intensity in every direction is still a blackbody and the Doppler effect only distorts the spectrum of the multipoles. In particular it draws in the first neighbors of each multipole ( ± 1) with the frequency operator D (11) νc (∝ ∂ 1 νc ) to first order in β, the second neighbors ( ±2) with the frequency operator D (22) νc (∝ ∂ 2 νc ) to second order in β, and so on.
Aberration effect
We use equation (20) 
The rotation operators Ω (k,j) mM (β) consist of an active and passive rotation on spherical harmonics, performed by two Wigner-D matrices (equation (B.24)). The operators Ω
mM (β) are identically zero. Unlike Doppler effect, the aberration expansion is not frequency dependent and it only induces an angular distortion to the multipoles. The sum limits of the index j in equation (24) show that up to order β k , aberration distorts the multipole by drawing in its k th nearest neighbors.
In a moving frame, the Doppler and aberration effects both induce geometrical leakage of nearby multipoles into each other, but since their dependence onβ is not the same, their contribution to the final observed a Ic m can be different. Since the Doppler effect is related to the frequency derivative of the anisotropies, it is usually the dominant effect (appendix A). The derivatives can amplify the Doppler terms by large factors and also shift the peak of the frequency spectrum of the a 
B. The Observed Multipoles in the Cluster's Frame
After substituting equations (22) and (24) in (21), we can easily integrate overγ c and obtain the following expression for the observed a (22) and (24) and it shows the geometrical leakage of order β p in Doppler effect and order β q in aberration, of the multipole to the observed multipole . For example, Similarly to what was done in §II B 2, assuming that the CMB has a pure blackbody spectrum in its rest frame, the frequency dependence of the a I m (ν) coefficients can be easily separated from the spatial part using equations (11) . For convenience, we introduce the following frequency functions
After substituting these functions in equation (25) and writing the RHS in terms of the thermodynamic temperature coefficients a Tz m , we can easily find the leakage of the primordial anisotropies into each multipole observed by the moving cluster. For example, figure 3 shows the frequency functions of the leakage of the dipole and octupole into the observed a Ic 2,0 quadrupole coefficient by a cluster that is moving with β = −0.2ẑ. The large value of the peculiar velocity is chosen to exaggerate the total effect. Here the octupole coefficients are also adopted from Ref. [52] but the dipole coefficients are simulated. It is evident from figure 3 that the Doppler and aberration leakages have different frequency functions and for the particular value ofβ = −ẑ, the two effects cancel each other at 86 GHz. In the plot, the apparent cancellation between the nonmoving quadrupole, and the aberration leakage of the dipole and octupole is just a coincidence due to the choice of β = 0.2. This value is roughly equal to the ratio of the local a As we can see in this figure, the frequency at which the Doppler and aberration effects cancel each other does not change for different values of β. For ν > 86 GHz the Doppler leakage becomes dominant with a larger frequency weight compared to the aberration leakage. As a result, the change in the quadrupole observed by the cluster at these frequencies can be relatively large, despite the small values of β.
It is worth mentioning that equation (25) can be also used in the context of deboosting/deaberrating the CMB multipoles in the local frame. Writing this equation in the local frame allows us to easily find the observed multipoles (LHS) in terms of the primordial ones (RHS). The most important feature of this equation is that it shows the dependence of the overall frequency function on the direction of motion of the frameβ. This dependence is not clearly recognizable in the usual calculations of the aberration kernel, due to the convenient choice ofβ =ẑ. In that case one can in principle still recover the same results by applying appropriate rotations to the a (25) is explicitly calculated for the first few multipoles of the CMB in a boosted frame.
In the following section we calculate the polarization and intensity induced by the a Ic 2m coefficients in the direction of a moving cluster, and their dependence on the primordial dipole and octupole, which will be reflected through the cluster in the TinIn and TinPol effects.
C. Induced Signals in the Direction of the Cluster
TinPol and kSZ polarization effects
Using the transformation between the Intensity multipoles in the CMB frame and the cluster's frame, it is now easy to find the Intensity and polarization induced in the direction of a moving cluster. We simply need to replace the terms on the RHS of equations (7) and (8) with those calculated from equation (25) . Although the results derived here will be only valid for an observer in the cluster's frame, converting it to any arbitrary frame would be trivial using the transformations (19) and (20) . One can first transform the signal back to the CMB rest frame and then Lorentz boost it into the frame of a general observer using the same equations. This procedure is outlined in great detail in Refs. [2] and [55] .
We start with the change in polarization, because unlike intensity it directly probes the quadrupole observed by the cluster, and it is not distorted by the higher multipoles of the temperature anisotropies that induce the bSZ effect (see equations (5) and (6) in §II B 1). Equation (8) in the cluster's frame is
where the quadrupole-induced polarization on the RHS is now proportional to the primordial temperature quadrupole, as well as its first neighboring multipoles (the dipole and the octupole) to first order in β, and its second neighbors (the monopole and the hexadecapole) to second order in β and so on. The first few terms of this expansion are as follows
with the following definitions
kSZPol ≡ √ 6 10 β 
The first term in equation (28) is the quadrupole-induced polarization (T 2 inPol) that was already present for a non-moving cluster (compare with equation (8)). The monopole-induced term, defined in equation (30), is the well known kSZ polarization effect (kSZPol). In order to make this expression look more familiar, we write the frequency function and geometrical factor explicitly to obtain
where x c ≡ hν c /kT z and ϑ β and ϕ β are the polar and azimuthal Euler angles betweenγ c andβ defined as [56] cos ϑ β = cos θ c cos θ β + sin θ c sin θ β cos(φ c − φ β ), cot ϕ β = cos θ β cot(φ c −φ β )−cot θ c sin θ β csc(φ c −φ β ).
In equation (33) , β sin ϑ β = β ⊥ is the transverse component of the peculiar velocity with respect to the observer's line of sight. This expressions generalizes the the results of [5, 57] in agreement with [11] . The e ±2iϕ β factor decomposes the polarization signal into the Q and U components, respectively with factors of cos(2ϕ β ) and sin(2ϕ β ). Therefore the combination of the Q and U polarization maps can be used to determine the exact three dimensional direction of the cluster's velocity vector. The second line of equation (28) shows the dipole and octupole-induced polarization (T 1 inPol and T 3 inPol). We will refer to these terms collectively as T 1,3 inPol. The most interesting feature of these new terms is that they induce different frequency and angular distortions to the TinPol at different frequency bands. Note that in equations (29)- (32), the dependence of the signals on the observation directionγ c , and the velocity direction of the clusterβ are separated as a result of our generalized approach. For the T 1,3 inPol effect, changing any of these directions changes the total frequency function of the signal. In figures 5 and 6, by fixing one of these directions, we show the dependence of the signal on the other one. The top panel of figure 5 shows how much the dipole and octupole can change the TinPol signal and its frequency dependence in the direction of the north galactic pole for an exaggerated value of β. The T 2 inPol effect, which is the only term that does not depend on the velocity of the cluster, reaches its maximum at 218 GHz. The peak value of this signal is 1.7 τ kJy/sr (3.6τ µK) which for a cluster with optical depth τ ≈ 0.02 is equal to 34 Jy/sr (0.07µK). In the bottom panel we have separated the T 1,3 inPol for comparison with the T 2 inPol and kSZPol for realistic values of β. Since the leakage due to the Doppler effect is typically dominant over the aberration effect (see figure 3) , it shifts the position of the peak of the dipole and octupole-induced polarizations with respect to the quadrupole-induced signal. The direction of motion of the clusterβ is chosen to maximize the T 1,3 inPol in this specific direction in the sky. For bullet-like clusters (β = 0.015), kSZPol is dominant over the T 2 inPol but for low velocities (β = 0.001) it is approximately smaller by a factor of 10. The reason for kSZPol's fast drop is its dependence on β 2 ⊥ . Although T 1,3 inPol is much smaller than kSZPol at high velocities, it induces a 10% correction to T 2 inPol at 217 GHz. For smaller velocities this effect is about 5% of the kSZPol at low frequencies. Although kSZPol is typically the dominant effect in equation (28) for larger values of β, it is nevertheless distinguishable from the other TinPol effects due to its distinct frequency dependence and large amplitude. The leakage of the hexadecapole has been neglected in equation (28) because it only contributes 0.2% (2%) to the total polarization in the Rayleigh-Jeans (Wien) frequencies.
Doppler and aberration leakages of the dipole and octupole also induce an angular distortion to the TinPol signal. Figure 6 shows the shift in the location of the minima and maxima of the signal to represent the angular change of the overall signal at different frequencies, for clusters moving with β = −0.05ẑ. The maxima and minima of the TinPol signal are respectively 32
• and 14
• apart at 217 GHz and 300 GHz. For a more realistic velocity β = 0.015, these angle separations are about 15
• for the maxima and 5
• for the minima. Note that the angular distortions in this plot are calculated for one particular direction of motion of clusters. Figure 6 simply shows that the induced angular distortions are frequency dependent and unless the clusters in some observation direction at a certain redshift bin have a coherent bulk motion, the expected signal would not change as described in this plots. Indeed, for a more realistic map one would need to populate the sky with clusters moving in different directions, but even in that case the angular dependence of the signal will change at different frequencies. This feature can be extremely helpful in a multi-frequency and whole-sky survey to identify and extract the TinPol effects from foreground distortions and even kSZ and tSZ effects which are not expected to have similar distributions over the sky. Also, the angle dependence of this distortion, changes the ratio between T 1,3 inPol and T 2 inPol effects at different observation directions, and obviously makes T 1,3 inPol the dominant effect in the areas where T 2 inPol is small.
The top panel of figure 7 shows a similar map to figure 6 at 300GHz, which is the frequency at which the peak of T 1,3 inPol typically lies. We can see that T 1,3 inPol is larger than 10% (20%) of T 2 inPol over roughly 20% (10%) of the sky. Here, the average contribution of the T 1,3 inPol over the whole sky is 10%. The bottom panel shows different polarization signals in an arbitrary direction (l, b) = (−54
• , −27 • ) which is indicated with a black dot in the top panel. In this direction the amplitude of T 1,3 inPol for β = 0.015 is comparable to T 2 inPol and even becomes dominant at 386 GHz. The peak value of T 1,3 inPol is at 289 GHz and at this frequency it is as large as 70% of the T 2 inPol. For the smaller values of β = 0.003 and β = 0.001, T 1,3 inPol is respectively 13% and 4% of the T 2 inPol at the peak frequency.
TinIn and kSZ intensity effects
Similar to the case of polarization, for intensity we can rewrite equation (7) in the cluster's frame as
where the new bSZ (1) in the cluster's frame is
is the dipole-induced bSZ term, which was already present even in the case of the non-moving cluster,
is the first order monopole-induced intensity, known as the kSZ intensity effect and
is the leakage of the quadrupole into the dipole-induced bSZ. Similarly, the new TinIn in the cluster's frame would be equal to
where again
is the quadrupole-induced intensity which was already derived for non-moving clusters,
(42) is the second order monopole-induced intensity (first relativistic correction to kSZIn) and
Tz 3m (44) are the dipole and octupole-induced intensity signals. If we rewrite the monopole-induced terms in equations (38) and (42) together, with the frequency and geometrical functions written out explicitly as
. (45) we obtain the well known kSZ intensity (kSZIn) effect and its first relativistic correction in β. To first order in β, kSZIn is proportional to the parallel component of the peculiar velocity β cos ϑ β = β as expected. Note that β 3 order corrections due to the leakage of the monopole into the δI (3) νc will be comparable to the motion-induced intensity effects for clusters with large peculiar velocity and therefore must be included. The third and fourth lines of equations (43) and (44) are the dipole and octupoleinduced intensity effects which we will collectively call T 1,3 inIn. The top panel of figure 8 shows the total signal induced by T 2 inIn and T 1,3 inIn in the direction of the north galactic pole for an exaggerated value of β = 0.2.
It clearly shows the dependence of the frequency function of the total signal on the cluster's direction of the motion. The T 1,3 inIn effect is maximal for clusters moving parallel to the line of sight. The bottom panel shows how these signals compare to each other.
The motion-induced intensity by the dipole and octupole change the angular distribution of the TinIn signal over different frequency bands. Figure 9 shows the absolute value of the TinIn signal for clusters moving with β = −0.05ẑ at 217 GHz and how the angular shape of the signal changes at different frequencies. Similar to figure 6, this plots only shows the angular distortions calculated for a particular direction of motion of the clusters and does not show the dependence of the angular distortions onβ. The change in the location of the maxima and minima at different frequencies are smaller compared to the TinPol effect but are still noticeable. As mentioned before, the ð ±2 derivative of these maps will reproduce rescaled version of the polarization maps in figure 6 and are highly correlated with them. This correlation can be used to amplify the signal to noise ratio for both signals.
IV. SUMMARY AND DISCUSSION
In this paper we performed a comprehensive study of the expected signal from CMB-gas interaction in moving galaxy clusters over the whole sky. We developed a formalism that generalizes the kSZ effect by including the CMB temperature anisotropies and their frequency dependences. In this formalism one can easily see the contribution of the low multipoles of the CMB to the intensity and polarization distortions induced in the direction of a galaxy cluster. In the absence of anisotropies our results naturally reduce to the well-known kSZ intensity and polarization effects. However, in the anisotropic picture the low multipoles of the CMB also contribute to the kSZ effect in a frequency dependent manner. For non-moving clusters the polarization signal is only proportional to the quadrupole of the temperature, but we showed that for clusters with large peculiar velocities the primordial dipole and octupole can contribute to the signal by 10% (20%) over 20% (10%) of the sky at 300 GHz. Measureing these intensity and polarization distortions in the direction of a cluster can be exploited to infer the low multipoles at other locations/redshifts in the universe and ultimately help to reduce the cosmic variance for these modes.
In order to calculate the polarization induced by temperature anisotropies, we employed the aberration kernel formalism, which calculates the harmonic coefficients of anisotropies in a moving frame as a function of their CMB rest frame counterparts. We generalized this formalism in two ways: by allowing an arbitrary location and direction of motion for the moving frame of the cluster, and by taking the frequency dependence of the anisotropies into account. Using these features, we developed a wholesky and frequency-dependent formalism for calculating the kSZ effect. These generalizations reveal a connection between the frequency dependence of the signal and the direction of motion of the cluster for higher order effects. This will facilitate the interpretation of results from future microwave surveys, which are aiming to measure the frequency spectrum of the CMB over numerous channels, and allow for precise measurements of kSZ. Our generalizations of the aberration kernel can be also employed in the local frame to conveniently deboost/deaberrate the CMB multipoles in a frequency dependent manner.
First we studied the temperature-induced polarization signal and its dependence on the remote quadrupole in the direction of non-moving clusters ( §II). By using our local temperature quadrupole, we presented a map of the expected quadrupole-induced polarization signal and its spatial morphology for non-moving clusters at z ∼ 0. The peak value of this signal for a single cluster is expected to be ∼ 1.7τ kJy/sr (3.6τ µK) which results in a 70 nK signal for a cluster with τ = 0.02. The signal has a maximum at 218 GHz in the (l, b) = (−113.1
• , −63.3 • ) and (67.6
• , 67.9
• ), which would be the ideal directions for its detection. At higher redshifts the amplitude and angular dependence of the expected signal will be different due to the change in the quadrupole, so the polarization map will be less correlated with the one calculated at z ∼ 0 and the local quadrupole [18] .
We then generalized the problem to the case of moving clusters and calculated the contribution of the quadrupole's neighbors to the signal ( §III), the leakage of the monopole into the quadrupole observed by the cluster leads to the kSZ polarization effect. This signal is subdominant to the quadrupole-induced polarization for typical values of cluster velocity (β 0.003) but can become dominant for high velocity clusters and mergers. For example in the case of the bullet cluster (β ≈ 0.015) [58] kSZ polarization is 25 times larger than the quadrupole-induced polarization at 218 GHz. Nevertheless, since the peak of kSZ polarization is always at 276 GHz, these effects are distinguishable from each other in multi-frequency surveys. One can also take advantage of the distinct patterns that these signals create in the Q and U polarization components, which are easily separable in our formalism.
For a moving cluster the next order correction induced by the other anisotropies is due to the dipole and octupole moments of the CMB. Although the contribution of dipole and octupole to the induced quadrupole polarization are of order β, their individual frequency weights can enhance the signal by a factor of 5 and larger for ν ≥ 350 GHz, so for β = 0.015 they can collectively boost the polarization signal by 15%. For a smaller value of β = 0.003 the change is about 2%-10% in the 200-600 GHz frequency range. Unlike kSZ and the quadrupole-induced polarization, the frequency function of the dipole and octupole-induced polarizations depend on the direction of motion of the clusterβ. This is due to the fact that the total signal is a combination of the Doppler (frequency-dependent) and aberration (frequency-independent) effects. Since the ratio of these effects depends onβ, different directions of motion change the peak location of the frequency function for the total induced signal.
The quadrupole-induced polarization also has a different angular dependence compared to that of the dipole and octupole, so the ratio between the two signals changes over the sky. This will make the dipole and octupole-induced effects non-negligible in large areas over the sky. Moreover, since the contribution of the dipole and octupole to the overall polarization signal has a steeper frequency dependence than the one due to the quadrupole, they may become dominant at high frequencies (ν 400 GHz). As for the next leading order term, the hexadecapole, since its leakage to the quadrupole is proportional to β 2 , it only contributes to the signal by 0.2% at low frequencies, but can be as large as 2% at higher frequencies.
The temperature-induced polarization effects for the leading order terms can be summarized (in order of importance) as follows:
• Monopole-induced polarization (kSZPol) for high velocity (β 0.003) clusters and mergers ∝ β 2 τ a T 00
• Quadrupole-induced polarization (T 2 inPol) ∝ τ a T 2m
• Monopole-induced polarization (kSZPol) for low velocity (β 0.003) clusters ∝ β 2 τ a T 00
• Dipole-induced polarization (
It is important to mention that for certain alignments of the line of sight and the velocity vector, the angular and geometrical prefactors -which have not been included in the list-can supress each term with respect to the others or even make it vanish. For example since the kSZPol effect only depends on the transverse component of β, it becomes zero for a cluster that has a bulk velocity parallel to our line of sight. Also regardless of the magnitude or direction of β, T 2 inPol vanishes in four directions over the sky. So for clusters located close to these directions and moving with a radial bulk velocity, T 1 inPol and T 3 inPol are the dominant polarization effects. Note that since the late ISW effect enhances the dipole mode of the CMB more than the octupole mode, the induced polarization by the former is in general expected to be larger than that of the latter. This is why T 1 inPol appears before T 3 inPol in the above list. The quadrupole of the CMB is also reflected through the temperature-induced intensity effect for a non-moving cluster with a maximum value of ∼ 9.1τ kJy/sr (18.7τ µK) which is about 5 times larger than the T 2 inPol signal ( §II B). Unfortunately, unlike the polarization effect, this signal does not directly probe the quadrupole moment of the CMB in the direction of non-moving clusters because it is confused by the other temperature multipoles that scatter out of line of sight. However, as discussed in §II B 2, the second derivative of the intensity distortion map is highly correlated with the temperature-induced polarization so cross-correlating the two maps can amplify the signal to a great extent.
The sensitivity needed for measuring the T 2 inPol (∼ 100 nK) and T 1 inPol and T 3 inPol (∼ 10 nK) are well below the sensitivity level of current instruments. The PRISM project [59] has proposed to measure the quadrupole-induced polarization signal, and since it is a multi-frequency and whole-sky survey it is the ideal instrument to measure the signal induced by the other low multipoles as well. The sensitivity of PRISM at relevant frequency channels is not high enough for single cluster measurements, but the signal can be enhanced to detection level using stacking methods and cross-correlation with the temperature-induced intensity effects discussed earlier.
The polarization induced by the low multipoles of the CMB, aside from imposing corrections to the kSZ effect, allow us to measure these modes at higher redshifts. Successful measurements of the low multipoles can help us determine if the observed anomalies in the quadrupole and octupole are coincidental or fundamental. Even more importantly, it opens up a window to find the primordial dipole moment of the CMB at z ≈ 0 which is inevitably masked by the motion-induced dipole in our local moving frame. In this study we neglected the multiple scattering events, which can induce similar effects in aspherical clusters (∼ 0.2%) [43] . We also neglected the initial polarization of the CMB and its leakage into the quadrupole polarization through galaxy clusters. This effect is generally expected to be small, however, in certain areas of the sky can be comparable to the temperature-induced polarization and kSZ. We will investigate the polarizationinduced polarization effects in a future paper.
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in its rest frame, we can write
xe x e x −1 and x = hν/kT is the dimensionless frequency. Here since δT /T ≈ 10 −5 we can safely ignore the second and higher order temperature fluctuations. By using the expansions (3) and (10) on both sides of equation (A.1) one can easily derive equation (11) , which shows that the frequency dependence of the CMB monopole is described by B ν (T ), and for the anisotropies by its first temperature derivative F ν (T ). Since the aberration effect is frequency-independent and only depends on the angle between the incoming photon and observer's velocity vector, it does not change the frequency spectrum of the observed multipoles. Therefore the leakage of the monopole into the its nearby multipoles will be proportional to B ν (T ) and for the anisotropies to F ν (T ). The Doppler effect on the other hand shifts the observed frequency of the incoming photons in an angle dependent manner and is proportional to the derivatives of the frequency spectrum. Up to first order in β, the Doppler leakage of the multipoles is proportional to their first frequency derivative (D (11) νc ), and to second order in β proportional to the second derivatives (D (20) νc and D (22) νc ) and so on. For the monopole the explicit form of these functions are Bν Bν (11) Bν (20) Bν (22) Fν Fν (11) Fν (20) Fν ( .6) and for the anisotropies
× (x cosh(x) − 2 sinh(x) + 2x). Figure 10 shows all these frequency functions together. Note that the frequency functions used in §II and §III are normalized with the temperature monopole at redshift z and are denoted with a tilde. Notice that the frequency dependence of the primordial dipole F ν is identical to the frequency dependence of the Doppler leakage of the monopole B (11) ν up to a negative sign. This is why the primordial dipole moment of the temperature anisotropies is not distinguishable from the dipole induced by the monopole, due to our motion with respect to the CMB rest frame. The harmonic coefficients in the cluster's frame can be found by performing the following integral from equation
For small values of β we can use the inverse of equations (19) and (20) and perform the following Taylor expansions
where µ c =γ c .β. The expansions are respectively due to the Doppler and aberration effects. In the following subsections we simplify the RHS of these equations analytically and integrate equation (B.1).
a. Doppler effect
It is mathematically convenient to write different powers of µ in equations (B.2) and (B.3) in terms of the Legendre polynomials as µ c = P 1 (γ c .β) and µ 
with the differential operators D (kj) νc defined as
only changes the argument of its following function from ν to ν c and it is defined for consistency in notation.
b. Aberration effect
The gradient terms in equation (B.3) can be simplified in a coordinate system whereβ =ẑ using the recursive spherical harmonics identities
with the constants C m defined as
In order to use these identities, first we rotate the cluster's coordinate system (x,ŷ,ẑ) to alignẑ withβ, then simplify the equations, and finally rotate it back to its original orientation. By applying an active rotation using the Euler matrix R ≡ Rẑ(−φ β )Rŷ(−θ β ) to the argument of equation (B.3), we can rewrite it as 
The only nonvanishing coefficients C
and the coefficients C 
which followed by a further transformation
(B.14)
will give us the desired equation for aberration effect in terms of Y m (γ) where
is the zeroth order integral,
is the first order Doppler integral,
is the first order aberration integral,
and
are the second order Doppler integrals,
is the second order aberration integral and
is the cross-Doppler-aberration integral of first order. The rotation coefficients Ω
(1,j) mM (β) which were introduced to simplify the aberration expansion are defined as
These integrals are easy to evaluate using
and the Gaunt formula 
Here in the Doppler terms we have introduced the notation ∆ N,n ( , m; , m ) which can be easily calculated in terms of the Wigner 3-j symbols using equation (B.26). These coefficients are nonzero for | − | < N < + , so up to order β N , ∆ N,n (l, m; l , m ) brings in contributions from the first N neighbors of th multipole to the observed multipoles of order with different frequency weights. Similarly the order β N aberration effect draws in the first N neighbors of each multipole, but unlike the Doppler effect, with the same frequency weight as the observed multipole. Using this equation we can easily find the low multipoles of the CMB in any boosted frame. The source of each term is written on the left for clarification. It is easy to see from this expression that the Doppler leakage changes the frequency function of the multipoles in the moving frame. Equation (B.35) can be used in our local frame to disentangle the leakage of the multipoles into each other due to our motion with respect to the CMB rest frame. Since we derived this equation for an arbitrary direction of motion, it gives us the advantage to treatβ as an independent parameter when we are deboosting the observed multipoles. In the following subsections we calculate the observed monopole, dipole and quadrupole in a frame moving with the velocity vector β = ββ. The expression for the observed monopole in the cluster's frame to second order in β can be simplified as It is evident from this expression that the frequency spectrum of the new monopole is different from the spectrum of the monopole in the CMB frame a I 00 (ν) which can be described withB νc (T 0 ). We calculated the aberration kernel, based on the assumption that the intensity of the CMB in every direction of the sky can be described by a pure blackbody at temperature T 0 . But in a moving frame, because of the Doppler effect, the temperature of these blackbodies will be different in different directions. Therefore, at each frequency band the average of intensity over the whole sky (monopole) picks up different values from different directions. The sum of these values do not necessarily reproduce a blackbody spectrum [51, 54, 60] . For example in the absence of the anisotropies, a moving observer measures an intensity Doppler distortion of order δI ≈ β∂ νBν a T 00 in the forward direction and −δI in the opposite direction. Averaging the intensity over all incoming angles will cancel the two distortions, so the observed monopole will be still a blackbody to first order in β. However, to second order in β there will be Doppler distortions of order β 2 ∂ 2 νBν a T 00 in all directions perpendicular to the direction of motion, that do not cancel each other in the average. Therefore, the new monopole observed in the moving frame will have a different frequency spectrum than the monopole of a pure blackbody radiator [61] . 
T1inPol
Eq. (31) Polarization distortion induced by the leakage of the CMB rest frame dipole (a I 1m ) into the observed quadrupole by a moving cluster.
T2inPol
Eq. (29) Polarization distortion induced by the CMB rest frame quadrupole (a I 2m ) in the cluster's frame. This effect is identical to TinPol for a non-moving cluster.
T3inPol
Eq. (32) Polarization distortion induced by the leakage of the CMB rest frame octupole (a I 3m ) into the observed quadrupole by a moving cluster.
T1,3inPol
Eq. Eq. (9) & (14) Intensity distortion induced by the observed th ( = 2) multipole in the cluster's frame. This effect is entirely induced by scattering of the CMB photons out of the observer's line of sight.
kSZIn (1) Eq. (38) Intensity distortion induced by the leakage of the CMB rest frame monopole (a I 00 ) into the observed bSZ (1) in the cluster's frame.
T1inbSZ
(1)
Eq. (37) Intensity distortion induced by the CMB rest frame dipole (a I 1m ) in the cluster's frame. This effect is identical to bSZ (1) for a non-moving cluster.
T2inbSZ
Eq. (39) Intensity distortion induced by the leakage of the CMB rest frame monopole (a I 2m ) into the observed bSZ (1) in the cluster's frame.
TinIn
Eq. (7), (12) & (40) Intensity distortion induced by the observed quadrupole (a Ic 2m ) in the cluster's frame. This term is essentially bSZ (2) which has been named differently-in accordance with TinPol-to distinguish it from the rest of the bSZ terms. kSZIn (2) Eq. (42) Intensity distortion induced by the leakage of the CMB rest frame monopole (a I 00 ) into the observed quadrupole in the cluster's frame.
T1inIn
Eq. (43) Intensity distortion induced by the leakage of the CMB rest frame dipole (a I 1m ) into the observed quadrupole by a moving cluster.
T2inIn
Eq. (41) Intensity distortion induced by the CMB rest frame quadrupole (a I 2m ) in the cluster's frame. This effect is identical to TinIn for a non-moving cluster.
T3inIn
Eq. (44) Intensity distortion induced by the leakage of the CMB rest frame dipole (a I 1m ) into the observed quadrupole by a moving cluster.
T1,3inIn
Eq. (43) (1) and kSZIn (2) .
